arXiv:math/0512187v2 [math.AG] 12Jun2007 


Equivariant K-theory of compactifications of 
algebraic groups 


V.Uma 


Abstract 

In this article we describe the G x G-equivariant A-ring of X, where X 
is a regular compactification of a connected complex reductive algebraic 
group G. Furthermore, in the case when G is a semisimple group of adjoint 
type, and X its wonderful compactihcation, we describe its ordinary K- 
ring K{X). More precisely, we prove that K{X) is a free module over 
K{G/B) of rank the cardinality of the Weyl group. We further give an 
explicit basis of K{X) over K{G/B), and also determine the structure 
constants with respect to this basis. 


Introduction 

Let G denote a connected complex reductive algebraic group, B C G & Borel 
subgroup and T C B a maximal torus of dimension 1. Let G be the center of 
G and let Gad ■= GjG be the corresponding semisimple adjoint group. Let W 
denote the Weyl group of {G,T). 

A normal complete variety X is called an equivariant compactification of G 
if X contains G as an open subvariety and the action of G x G on G by left 
and right multiplication extends to X. We say that X is a regular compactifi¬ 
cation of G if X is an equivariant compactification of G which is regular as a 
G X G-variety ( [H Section 2.1]). Smooth complete toric varieties are regular 
compactifications of the torus. For the adjoint group Gad, the wonderful com¬ 
pactihcation Gad constructed by De Concini and Procesi in m is the unique 
regular compactihcation of Gad with a unique closed Gad x Gad-orbit. 

The main aim of this article is to describe the T x T-equivariant and G x G- 
equivariant AT-ring of X. For this purpose, we essentially follow the methods 
used in the description of the T x T-equivariant and G x G-equivariant Chow 
ring of X by Brion m Section 3]). Indeed, we see that these methods can be 
naturally generalised to the setting of AT-theory, for the purpose of which we 
apply as key tools, the localisation theorem of Vezzosi and Vistoli (' |231 Theorem 
2]) and the results of Merkurjev ([121 Theorem 4.2]). 

We begin with a Preliminary section §1, where we recall basic notions on 


equivariant i^-theory and prove certain necessary facts which are later used in 
proving the main results. We refer to §1 and §2 for the notations used below. 

In §2 (see Theorem l2.1l) we describe Ktxt{X) in terms of closed Gx G-orbits 
and the T x T-invariant curves described in [H Section 3]. More precisely, using 
the localisation theorem we embed Ktxt{X) inside KTxT{Za), where 

each ~ G/B~ x GjB is a closed G x G-orbit in X. The image of Ktxt{X) 
inside ncr6:F+(i) XTxT{Za) is further described by certain equivalence relations 
which are completely determined by the T x T-action on the T x T-invariant 
curves joining the T x T-fixed points, which are the base points of the closed 
orbits. 

Using the above, we further get a description of Kgxg{X) in Cor. 12.21 and 
Cor. 12.31 In particular, we prove in Cor. I2.3l that Kgxg{X) ~ {Ktxt{X)Y^ cs 
{Kt{T) ® R{T))^, where T denotes the closure of T in X. As a consequence, 
Kgxg{X) is a module over its subring R{T)ZiR(T)^ ~ R{T)Z>RiG). Here we 
mention that Cor. 12.31 is analogous to the corresponding result for equivariant 
cohomology of wonderful compactifications due to Littelmann and Procesi ('[l6]b 

In Theorem 12. 101 we give an explicit description of the additive structure of 
Kgxg{X) as a module over its subring 1 (g) R{G). More precisely, we give a 
direct sum decomposition of Kgxg(.X), where each piece of the decomposition 
is a 1 (g) i?(G)-submodule of the ring Kt{T^) ® R{T) (see §2 for the definition 
of the toric variety T ). Further, by defining the multiplication of the pieces 
inside the subring Kt{T^) ® R{T) we describe the ring structure of Kgxg{X), 
and obtain the explicit multiplication rule (see Cor. I2.12|) . Moreover, from the 
direct sum decomposition we also get a natural multifiltration (see Cor. 12.111) 
where the filtered pieces are R{T) g) i?(G)-submodules. 

The rational equivariant cohomology of regular embeddings of symmetric 
spaces have been described by Bifet, De Concini and Procesi ([5]) in terms 
of Stanley-Reisner systems. Our approach via the localisation theorem yields 
another proof of their results for group embeddings, and also an integral version 
via TT-theory. 

In §3, we take G to be the simply connected cover of the semisimple adjoint 
group Gad, and T a maximal torus of G. Then for the wonderful compactification 
X of God, we give a direct sum decomposition of Kgxg(.X) as a free module 
of rank |IF| over the subring RiT) g R(G) (see Theorem 13.31) . Moreover, each 
piece of the direct sum is canonically isomorphic to submodules of R{T)®R{T). 
This enables us to describe the multiplication of the direct sum pieces inside the 
subring R{T) ®R{T). We also give an explicit description of the multiplicative 
structure and the multiplication rule of the basis elements (see Theorem 13.81) . 

Finally, by further application of the result of Merkurjev (in Theorem 4.2]), 
we describe the ordinary iF-ring of X. More precisely, we prove that the subring 
generated by Pic{X) u\ K{X) is canonically isomorphic to K{G/B), and K{X) 
is a free module of rank |IF| over this subring. Furthermore, we also give a 
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precise description of the multiplication of the basis elements over K{G/B) in 
ordinary K-i'mg by pushing down the multiplicative structure in the equivariant 
itl-ring. More precisely, in Theorem l3.12l we construct an explicit basis of K{X) 
over K{G/B) and determine the structure constants with respect to this basis. 
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1 Preliminaries 

1.1 Regular group compactifications 

Let W denote the Weyl group and 1) denote the root system of {G,T). We 
have the subset $+ of positive roots and its subset A = {ai,. .., ar} of simple 
roots where r is the semisimple rank of G. For a S A we denote by Sq, the 
corresponding simple reflection. For any subset / C A, let Wi denote the 
subgroup of W generated by all Sa for a G I. At the extremes we have W 0 = {1} 
and Wa = W. 

A G-variety is a complex algebraic variety with an algebraic action of G. 

We now recall the definition of a regular G-variety due to Bifet, De Concini 
and Procesi. (see §3 of [5] and §1.4 of [1]). 

Definition 1.1. A G-variety X is said to be regular if it satisfies the following 
conditions: 

(i) X is smooth and contains a dense G-orhit Xq whose complement is a 
union of irreducible smooth divisors with normal crossings (the boundary divi¬ 
sors). 

(ii) Any G-orbit closure in X is the transversal intersection of the boundary 
divisors which contain it. 

(in) For any x G X, the normal space T^X/T^^Gx) contains a dense orbit 
of the isotropy group Gx ■ 

Gonsider the connected reductive group G as a homogeneous space under 
G X G for the action given by left and right multiplication: ( 51 , < 72)7 = 

Then the isotropy group of the identity is the diagonal diag{G). 
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A normal complete variety X is called an equivariant compactification of G, 
if X contains G as an open subvariety and the action of G x G on G by left and 
right multiplication extends to X. 

We now recall the definition of a regular compactification of G (see §2.1 of 

i)- 

Definition 1.2. We say that X is a regular compactification of G if X is a 
G X G-equivariant compactification of G which is regular as a G x G-variety. 

Examples: 

1. Smooth complete toric varieties are regular compactifications of the torus. 

2. For the adjoint group Gad, the wonderful compactification Gad constructed 
by De Concini and Procesi in [10] is the unique regular compactification 
of Gad with a unique closed Gad x Gad-orbit. 

1.2 Preliminaries on K-theory 

Let X be a smooth projective complex G-variety. Let Ko{X) and Kt{X) de¬ 
note the Grothendieck groups of G and T-equivariant coherent sheaves on X 
respectively. Recall that Kxipt) = R{T) and Kc{pt) = R{G) where R{T) and 
R{G) denote respectively the Grothendieck group of complex representations of 
T and G. The Grothendieck group of equivariant coherent sheaves can be iden¬ 
tified with the Grothendieck ring of equivariant vector bundles on X. Further, 
the structure morphism X Spec C induces canonical i?(G) and i?(T)-module 
structures on Ko{X) and Kt{X) respectively (see Prop. 5.1.28 of |8]) and 
Example 2.1 of m)- 

Let A := X*(T). Then R{T) (the representation ring of the torus T) is 
isomorphic to the group algebra Z[A]. Let e^ denote the element of Z[A] = R{T) 
corresponding to a weight A S A. Then (e^)\^A is a basis of the Z module Z[A]. 
Further, since W acts on X*{T), on Z[A] we have the following natural action 
of W given by : w{e^) = for each w € W and A G A. Recall that we 

can identify R{G) with R{T)^ via restriction to T, where RiT)^ denotes the 
subring of R(T) invariant under the action of W. 

The following is a theorem analogous to Theorem 3.4 of |S], which we shall 
use to prove the main result. 

Theorem 1.3. Let X be a nonsingular projective variety on which T acts with 
finitely many fixed points cci,..., Xm and finitely many invariant curves. Then 
the image of 


L* : Kt{X) -> Kt{X'^) 
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is the set of all G R{T)^ such that fi = fj (mod (1 — e“^)) 

whenever Xi and Xj lie in an invariant irreducible curve C and T-acts on C 
through the character x- 

Proof: By Theorem 2 of (53] it follows that the above restriction homomor¬ 
phism L* is injective and its image is equal to the intersection of all the images 
of the restriction homomorphisms Kt{X'^ ) —> Kt{X'^) for all subtori T' C T 
of codimension 1. 

Since X contains finitely many invariant curves, is at most one dimen¬ 
sional for every codimension 1 subtorus T' gT . 

Let Xn-i := IJ , where the union runs over all subtori T' of codimension 
one in T. Since Xn-i is one-dimensional it consists of disjoint union of points 
and nonsingular irreducible curves; let C be such a curve. 

If C contains a unique fixed point x, then i* : Kt{C) —> Kt{x) = R[T) is 
an isomorphism. Otherwise, C is isomorphic to P^. It follows that C contains 
two distinct fixed points x and y. Moreover, the image of 

Pc : Kt{C) ^ Krix) x Kriy) = i?(T) x R{T) 

consists of pairs of elements (/,(?) S R{T) x R{T) such that f = g (mod (1 — 
e“^)) where T acts on C through the weight y. This can be seen as follows: 

Let us choose as a basis of Kt{C) over RiT) the class of the trivial line bundle 
Oc^ and the class of the Hopf bundle H which is the dual of the tautological 
bundle. Then under tj,, the image of Oc is (1,1) and that of iL is (e^, 1). Since 
any element in Kt{C) is a linear combination of Oc and H, the difference of the 
coordinates of the image in is always divisible by 1 — e~^. Conversely, 

let (/, g) G R{T) X R{T) be such that (1 — e~^) ■ h = f — g ior some h G RiT). 
Then we see that the element g[Oc\ + e~^ ■ hi[H] — [Oc]) in Kt{C) maps to 
if,g) under if,. 

The theorem now follows by applying Theorem 2 of [33] . □ 

Recall from Cor. 3.7 of [T4| that there exists an exact sequence: 

1 ^ Z ^ G := C X ^ 1 (1.1) 

where Z is a finite central subgroup, G is a torus and G'*® is semisimple and 
simply-connected. The condition that G®® is simply connected implies that G 
is factorial (see [T3]L 

Then B := 'k~^{B) and T := 7r“^(T) are respectively a Borel subgroup and a 
maximal torus of G. Further, by restricting the map tt to T we get the following 
exact sequence: ^ 

l^Z^T^T^l. (1.2) 
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_ I^t W and denote respectively the Weyl group and the root system of 
{G,T). Then by the exact sequence (1.1) it follows in particular that W = W 
and $ = $. 

Further we have R{G) = R{C) 0 and R{f) - R{C) (g) R(T‘^‘^) where 

T®'* is the (unique) maximal torus T n G'*® . 

Recall we can identify R{G) with R{T)^ via restriction to T, and further 
R{T) is a free R{G) module of rank |1F| (see Theorem 6.41, pp.l64 of [T] and 
Theorem 1, pp. 199 of [20]). Moreover, since G®'* is semi-simple and simply 
connected, i?(G'’®) ~ Z[xi,... ,Xr] is a polynomial ring on the fundamental 
representations. Hence R{G) = R{C) ® i?(G'*®) is the tensor product of a 
polynomial ring and a Laurent polynomial ring, and hence a regular ring of 
dimension r dim{G) = rank{G) where r is the rank of G®'*. 

We shall consider the T and G-equivariant i^T-theory of X where we take the 
natural actions of T and G on X through the canonical surjections to T and G 
respectively. 

We consider Z as an _R(G)-module by the augmentation map e : i?(G) ^ Z 
which maps any G-representation V to dim(V). Moreover, we have the natural 
restriction homomorphisms Kq{X) Kf{X) and Kq{X) K{X) where 
K{X) denotes the ordinary Grothendieck ring of algebraic vector bundles on 
X. We then have the following isomorphisms (see Prop. 4.1 and Theorem 4.2 
of [H]) (also see Theorem 6.1.22 pp.310 of [5]); 

(«) R{f) Xg(X) Kf{X). 

(b) Kq{X) KfiX)^. 

(c) Z®^(g)Xg(X)c.X(X). 

Remark 1.4. In fact the above isomorphisms (a) and (6) hold in higher 
equivariant K-theory and the isomorphism (c) corresponds to the degeneration 

of the Merkurjev spectral sequence = Torp^^\'L,K‘~{X)) => Kp+q{X) 
(see pp. 2-3 of [19]). 

Remark 1.5. We will prove in Theorem [L8] that the isomorphism (6) also holds 
when G and T are replaced with G and T respectively i.e, Kg{X) ~ Kt{X)^. 


Lemma 1.6. Let X be a smooth projective G-variety containing only finitely 
many T-fixed points. Then Kt{X) is a free module over R{T) of rank \X'^\. 
Furthermore, Kf{X) (resp. Kq{X)) is also free over R{T) (resp. R{G)) of 
rank 
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Proof: Since X is a smooth projective variety with T-action such that is 

finite, it admits a Bialynicki-Birula cellular decomposition with m = T- 

stable affine cells. Let Xi, X 2 ,. ■ ■, Xm = pt be an ordering of the cells with 
dim{Xi) > dim{X 2 ) > .... Set X^ = Ui>jX,. Then X = X° Z) X'^ Z) 

• • ■ D X'^ = pt is a. decreasing filtration on X by closed T-stable subvarieties. 
Thus X ^ pt is a T-equivariant cellular fibration over a point. Therefore by 
the Cellular Fibration Lemma (see pp. 270 [8]) it follows that, Kt{X) is free 
module over KT{pt) = R{T) of rank m. 

Since T acts on X via the canonical surjection to T it similarly follows that 
Kf{X) is free module over Kf{pt) = R{T) of rank \X^\ = \X'^\ = m. 

Now, since Kf{X) is a free module over R{T), and R(T) is free over R{G), it 
follows that Kf{X) is a free module over R{G). Further, since R{G) is a direct 
summand of R{T), the isomorphism (a) above implies that Kq{X) is a direct 
summand of Kf{X) as an i?(G)-module. Thus Kq{X) is a projective module 
over R{G). Moreover, since R{G) is a tensor product of a polynomial ring and 
a Laurent polynomial ring Kq{X) is in fact free over R{G) (see Theorem 1.1 of 
[H])- 

The isomorphism (a) above further implies that the rank of Kq{X) over 
R{G) is same as the rank of Kf{X) over R{T) which is m. □ 

Lemma 1.7. ^Let l—>-Z—>T^T—>-lbean exact sequence of algebraic 
groups where T and T are complex tori and Z is a finite abelian group. Let 
Iz = Xit ■ ■ iXm denote the characters of Z. Further, let If = 
be arbitrary lifts of xi, ■ ■ ■ Xm to characters of T. Let Y be an irreducible T- 
variety. We then have the following isomorphisms: 

(t) i?(r)c.0™,i?(T)e^ 

(ii) Kf{Y) ~ Kt{Y) Z>RiT} Rif) 

Proof: Let V be any T-representation and V = be the direct sum 

decomposition of V as T-weight spaces. Then 

0 14. 

x\z=Xi 

are the isotypical components with respect to the characters Xi,... ,x,m of Z. 
Thus as T-modules we have an isomorphism Vj cs e^' 01^*, where the T-module 
17* is in fact a T-module since the Z-action on it is trivial. Since V = 0™ ^ Vi, 
it follows that as T-modules we have V ~ a™ Z 17*. This proves (i). 

We have a canonical homomorphism of rings R{T) Zr(t) Kt{Y) Kf{Y) 
where, [17] £ R{T) maps to the trivial bundle Y x V and the map from Kt{Y) 
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to KfiY) is induced by the surjection T ^ T. To define the inverse of the 
above homomorphism: 

Let E he & T-equivariant vector bundle on Y. Since K is a T-variety, the 
2^-action on Y is trivial. Thus on every fibre of E we get a canonical linear 
2^-action, which gives a weight space decomposition on each fiber. Note that 
since Z is finite, the weights of Z form a finite set. Moreover, since E is locally 
trivial the Z-representation is locally constant and hence globally constant over 
the irreducible base Y. Thus we get the following vector bundle direct sum 
decomposition 

m 

E = @E, 

i=l 

where Ei denotes the subbundlejvhose fibre is the eigenspace corresponding to 
the character Xi of Z. Thus as T-equivariant bundles we have an isomorphism 
Ei ~ ® T*, where the T-equivariant bundle T* is in fact a T-equivariant 

bundle since the Z-action on it is trivial. 

Therefore the inverse map is defined by sending E to the element ^ ® 

T® of i?(T) Z>R(T) Kt{Y). This proves {ii). 

Theorem 1.8. The restriction homomorphism Kc{X) —> Kt{X) induces an 
isomorphism Kg{X) ~ Kt{X)^ where Kt{X)^ denotes the subring of W- 
invariants of Kt{X). (For the corresponding result in topological K-theory see 
I18[ Theorem 4-4])- 

Proof: Recall (see Prop. 2.10 of m) that we have the following isomorphism: 

Kt(X) ~ Kg{X X G/B). 

Therefore the projection p : X x G/B X induces the pull-back map 
p* : Kg{X) Kt{X). Note that p is a proper map since its fibre G/B is 
complete. Thus we further have the push-forward map p* : Kt{X) Kg(X). 
Now by the projection formula we get p* op* = id (see 5.2.13 and 5.3.12 of [8]). 
In particular, it follows that p* is injective. 

Similarly, the projection p : X x G/B X induces the pull-back and push- 
forward maps: p* : Kq{X) Kf{X) and p* : Kf{X) Kq{X) respectively. 
Further, by the projection formula we get p* op* = id, and hence p* is injective. 
Furthermore, by the isomorphism (b) above we know that the image of Kp^iX) 
under p* is Kf{X)^. 

Let u := n : G —>■ G and u := tt T —> T. Then u and v induce the ring 
homomorphisms: u* : Kg{X) Kq{X) and v* : Kt{X) Kf{X) respec¬ 
tively. Further, since the isomorphism Kt{X) ce Kg{X x G/B) is canonical, 
TT* : Kg{X X G/B) Kq{X x G/B) can be identified with v*. 
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Now, by (ii) of Lemma Tl.71 above, the map v* : Kt{X) ^ Kf{X) induced 
by the surjection T —> T is injective. We now claim that v*p* = p*u*, so that 
u* is also injective. This can be seen as follows: 

For any G-vector bundle V on X, let F denote V thought of as a G-vector 
bundle via the surjection TT : G ^ G. Then we see that p*([y]) = € 

Ko{X X GjB). Further, u*p*{[V]) = [V] Kl S Kq{X x GjB). Moreover, 

since m*([T^]) = [y], we see that p*u*{\y]) = [V] Kl G Kq{X x G/B). 

Hence the claim. 

Using the isomorphism G/B ~ G/B, and the fact that the push forward 
map is functorial it follows that: p* : K^{X x G/B) Kq{X) restricts to 
p* :Kg{Xx G/B) Kg{X). That is, p^v* = u*p^. 

Thus we get the following commuting diagram: 


Kg{X) 


Kt{X) 


Kg{X) 


KfiX) 


In particular, it follows from the above diagram that p*{Kg{X)) C 
Kt{X)^ . Hence it remains to show that Kt{X)^ C p*{Kg{X)). This can be 
seen as follows: 

Let a G Kt{X)^. Then v*a G Kf{X)^. Further, let v*a = p*(3 for 
f3 G Kq{X). Thus u*p^,a = p^,v*a = p*p*f3 = (3. 

Now to show that a = p*{'y) for 7 G Kg{X). If this is true, this further 
implies that 7 = p*{a). Therefore it is enough to show that a = p*p^:a. Since 
V* is injective this is further equivalent to showing that v*a = v*p*pt,a. But 
this follows from the above arguments, since v*a = p*(3 = p*u*p^a = v*p*pta. 
Hence the theorem. □ 

Let R{T)^’ denote the invariant subring of the ring R{T) under the action 
of the subgroup Wi of W for every / C A. Thus in particular we have, R{T)^ = 
R{G) and R{T)^^^ — R{T). Further, for every / C A, R{T)'^^ is a free module 
over R{G) = R{T)^ of rank IkF/IF/l (see Theorem 2.2 of [12])- Indeed, Theorem 
2.2 of [22] which we apply here holds for R{T^^). However, since W acts trivially 
on the central torus G and hence trivially on R{G) we have R{T)^’ = R(C) ® 
R{T^‘^)^’ for every / C A, and hence we obtain the analogous statement for 

i?(f). 

Let denote the set of minimal length coset representatives of the 
parabolic subgroup Wj for every / C A. Then 

:= {w & W \ l{wv) = l{w) + l{v) V u G Wj} = {w G IF | ) C 
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where $/ is the root system associated to with I as the set of simple roots. 
Recall (see pp. 19 of [T^) that we also have: 

= {w £W \ l{ws) > l{w) for all s G /}. 

Note that J C I implies that C Let 


C-/ lyAU \ (IJ ^A\J)^ (1.3) 

JCI 

Let oi,..., Or- be an ordering of the set A of simple roots and ui,... ,ujr 
denote the corresponding fundamental weights for the root system of (G®'*, T®'*). 
Since G®® is simply connected, the fundamental weights form a basis for A*(T®®) 
and hence for every A G A*(T®®), G i?(T®®) is a monomial in the elements 
e“* : 1 < i < r. 

In Theorem 2.2 of [H] Steinberg has defined a basis {/^ : v G W^} of 
jl{j'ssyVi g^g gg i?(T®®)^-module. We recall here this dehnition: For v G 
let 


Pv ■■= n ^ 

(1.4) 

1 

A 

o 


1 

1 

w 

II 

(1.5) 

xGWi{v)\Wi 



where Wi{v) denotes the stabilizer of v ^pv in Wj. 

We shall also denote by {f^ : v G W^} the corresponding basis of R(T)^^ as 
an i?(T)'^-module where it is understood that := G i?(G)(8)i?(T®®)^^. 

We now fix the following notations before we state the next proposition. 


(a) For V G , we shall denote by W^{v) the minimal length representatives 
of the cosets in Wi{v)\Wi. Note that each w G Wi can be uniquely 

I 

expressed a.s w = ux where x G Wj (v) {x is the unique element of smallest 
length in the coset Wi{v)w) and u G Wi{v), such that l{w) = l{u) + l{x). 

I 

(b) Let I ^ J. For each x G C Wa\j we can now consider the 

minimal length representative of the coset xW^\j G IFa\j/Wa\/ which 
we shall denote by x'. Let 

[w1\jW] := {x' ■■ X e W'^\j{v)}. 

Proposition 1.9. With the above notations we have the following : 
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1. For V G we have: 


/r= E 


X ^Py 




= E /: 


2 . 


where fy^ is well defined since vx G VF® = W. 

For V G and for I f) J we have: 

A\. ^ ^ Ay 

J V / J J vx' 


3. 


where fy^, is well defined since vx' G . 

For V G , fy''^ is in the R{T)'^-span of {fy^ : v' G C''}jci. 


Proof: This proposition may be well known to experts but since we could 
not find a proof in the literature we give it below. 

Let V G and x G W^y(z;). Then we claim that : 

x~^v~''^Py = x~''^v~^pyx- ( 1 . 6 ) 

We shall prove (1.6) by induction on the length of x. Let l{x) = 1. Then x = sp 
for /3 G A \ / such that sp ^ lLA\z(^)- Thus we require to show that 

S0V~^Py = {vsp)~^pysfs. (1.7) 

This is equivalent to showing that py = pyg^, which can be seen as follows: 

For w G VF let R{w) := {a G $+ : w{a) < 0}. Then by (=i=) in pp. 407 of 
m it follows that: 


R{sp-v-^)=R{v-^)[_\vR{sp). (1.8) 

Note that i?(^) = fi- Moreover, observe that u(/3) is not a simple root (for 
this see below[^. Hence by (1.8) it follows that the simple roots in R{s/ 3 V~^) = 
the simple roots in R{v~^). This by (1.4) further implies that py = pyg^ which 
proves (1.7). 

£ 

Now we assume by induction that (1.6) holds for all y G IF^y(u) with 
l{y) < l{x). 

^If v{l3) were a simple root then by (1.8) we have v(l3) ^ Thus by (1.4) we have 

Sv( 0 )Pv = Pv and hence vs^v~^pv = Pv This implies that S(^v~'^pv = v~^pv which is a 
contradiction to our assumption that ^ ^A\ 7 ('^)- 
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Let X = ysfj be a reduced expression for x where (3 is a simple root, y G bLA\/ 
and l{y) = l{x) — 1. Further, since x G we must have y ^ fFA\ 7 (^’)- 

Indeed it can be seen that y G (for this see below 0). 

Hence by induction assumption 

y~^v~^Pv = y~^v~^pvy 

Let A \ Ji := {a G A \ I : l{ySa) > l{y)}- Then we claim that: 

(i) vy G 

(ii) sp G {vy) 

Once we prove the above claim we see that the equality (1.7) for v replaced 
by vy and I replaced by /i will imply the equality (1.6). Thus it only remains 
to prove (i) and (ii) above. 

Proof of {i): Since u £ we have: l{vysa) = l{v) + l{ysa) > l{v) + l{y) = 

l{vy) for every a £ A \ Ji. Hence (i) follows. 

Proof of (ii): Since x = ysp is a reduced expression, clearly sp G 1Ta\7i. 

Suppose that sp G W^xiiivy). Since by induction we have py = pyy, it follows 

that: yspy~^ G Wa\i{v). This further implies that x = ysp = zy for an element 

£ 

z G Wa\i{v). Since l{y) < l{x) this clearly contradicts that x G IF^\/(u). Thus 
we conclude that sp ^ W^\i^{vy) which implies (ii). 

Observe that, on the right hand side of (1.5), without loss of generality we 
£ 

can assume that x G W^,^j{v). Now (1.5) and (1.6) together imply: 

= XI x-'^v-^py = X {xx)~^pyx = X 

which proves (1) of Prop. 11.91 

Now let J C /. Further, let v G and x G 1Ta\j(^)- Then we can 

r t 

uniquely express x = x'y where y G Wa \7 and x' G [lT^\j('(^)J 

Since there is no reduced expression of x' ending in Sq, for a £ A \ /, it 
follows that vx' G (for this see below H). 

^Suppose y ^ then we can uniquely express y = zyo for yo € ^ 

such that l{y) = l(z) + l{yo)- Let Xo = yoS (3 so that x = zxq. Now if l{yo) < liy) 

£ 

then l{xo) < liyjo) + 1 < ^y) + 1 = /(fc). This contradicts that x G Thus it follows 

that l{y) = l{yo) and hence y = yo- 

^since l{vx'Sa) = l{v) + l{x'Sa) > l{v) + l(x') = l{vx') 
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Suppose X = x'y and xi = x'yi for x, xi £ ^ ^A\ 7 - Then 

we see that a: ^ xi <t4> W/^\i{vx')y ^ W^\i{vx')yi (for this see below0). 

We can now express (1.9) for J as follows: 


A\J _ 

Jv 


J2y 


-1^ 


Pvx'y — 


E 




( 1 . 10 ) 


Vy 


A\J 


(“)] 


A\/ y 




A\J- 


which proves (2) of Prop. 11.91 (In the above summation y £ lTA\ 7 (fa;')\lTA\ 7 .) 

Let V £ Then v £ C'’ for a unique J C I. Now, (1.10) can be 

expressed as: 


A\J ^ A\/ ^ \ ' J 

J V J V ' / ^ J 1 


A\/ 

vx' 


( 1 . 11 ) 


x '^1 

Since v £ and x' £ bFA\j we have l{vx') > l{v). 

We now claim that if is of maximal length in then in fact £ C^. 

This can be seen as follows: 


Suppose vi ^ . Let for J Q I then l(v^Sa) > l{v^) for 

every Sa £ Wa\j- In particular, if a £ (A \ J) \ (A \ J) then we note that 
(for this see below 0). Since l(v-^Sa) > l{vi) this is a contradiction 
to the assumption that is of maximal length in . 

Thus trivially is in the i?(T)'^-span of : v' £ C'^}jqj. Now by a 

decreasing induction on l{v) we can therefore assume that if l{v^) > l{v) then 
belongs to the i?(T)^-span of : v' £ C'^jjci- Thus (1.11) and the 
induction assumption together imply (3) of Prop. 11.91 □ 


Lemma 1.10. For / C A, let {/„ ^ : u £ denote the basis defined by 

Steinberg of as an R(T)^-module. Recall from (1.3) that = 

C'^. Then {/^ : v G C'^}j<zi also form a basis of R{T)^^\’ as R{T)^- 

module. Moreover, if 


:= 0 i?(T)'^ • C (1.12) 

then for every I Cl A we have the following direct sum decomposition as R{T)^ 
modules: ^ ^ 

^(y)iVA\/ = 0 R{T)j. (1.13) 

JCl 

■^Since l{x) = l(x') + l{y) and x G follows that x' G (f-^) 

Pv = Pvx'- Hence x-^y-^pv = {vx')-^p„„,,. 

®For if d G A \ 7 , then l{v.^SaS0) = ) + l(saS0) > /(tjj ) + l{soi) = Sa), since S0 ^ Sa- 
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This further implies that: 


0 R(T)f. (1.14) 

JCI 

Proof: By Prop ll.9l (S) it follows that {fy''^ : v £ C'^}jci span 
as i?(T)^-module. It is not hard to see that {fy''^ : v G in fact form 

a basis of as i?(T)^-module (for this see below [^. 

Since by (1.3) = Ujc/ we therefore have the following direct sum 

decomposition: 

w _ 

Jv 

JCIvGC-^ 

Hence by (1.12) we further have: 

= ^RiT)j 

JCI 

for every I C A. Now it follows by induction that 


i?(T) 


w. 


A\I 


= 00 R(C 


Remark 1.11. In Lemma fl. 101 we prove that the Steinberg basis elements for 
RfT)^A\j which correspond to the indexing set C for each JCI, 

together form another R{T)^-basis for R{T)^^\C The difference between the 
Steinberg basis for i?(T)'^*\^ and the new basis is the following: for all the 
elements of the Steinberg basis the superscript A \ / remains constant as the 
index v in the subscript varies over the elements of whereas for the new 

basis the superscript varies with the index v in the subscript. More explicitly, 
the superscript is A \ J whenever v C C'^ where = Ujc/ ■ 

Notation 1.12 Henceforth throughout this paper we shall fix the following no- 
tation: whenever vCC we shall denote fy simply hy fy. We can drop 
the superscript in the notation without any ambiguity since {C^ : I C A} 
are disjoint. Therefore with the modified notation Lemma \1.10\ implies that: 
{fy : V C = UjcjC'^} form an R{T)^-basis for R(T)^^\’ for every 

/ C A and 

RC)i := 0 R{T)^ ■ fy 

vCC^ 

satisfies (1.13) and (1.14)- 

®This is because R{G) = R{T)^ is a domain and is a free /?(T)^-module of 

rank it can be seen that {/^ : v C C'^}j(zi are linearly independent over R{T)^ and 

hence form a basis of R(T)^^\^ as i2(T)^“module for every / C A. 
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1.2.1 Comparison with Topological K-theory 

Let Tcomp C T denote the maximal compact torus of T. Then any complex 
algebraic T-variety can be viewed as a topological TcompSpace. In particular, 
we have the algebraic Lf-group Kt{X) and the topological IL-group (X). 

Now, since any algebraic vector bundle may be regarded as a topological vector 
bundle we have a natural homomorphism Kt{X) (X) (see pp.272 

i). 


Lemma 1.13. Let X be a smooth projective variety on which T-acts with finitely 
many fixed points. Then the canonical map Kt{X) —>■ (X) is an isomor¬ 

phism. 

Proof: The lemma follows by Proposition 5.5.6 of [S] since X —> is a 

T-equivariant cellular fibration and Kript) = R{T) ~ RiTcomp) = 

□ 

Remark 1.14. Let Gcomp be a maximal compact subgroup of G such that 
Tcomp = Gcompi^T is a maximal torus in Gcomp- It has been proved in Theorem 
4.4 of m that KtfP (X) ~ (X))^ . Now, since Kt{X) (X) 

is IT-invariant, it further follows from Theorem II.81 that Kq{X) a Kq^ (X). 


2 K-theory of regular embeddings 

We shall henceforth denote by X a projective regular compactification of G. We 
follow the notations of §1.1 together with the following: 

Let T denote the closure of T in X. On G the restriction of the action of 
diag{T) is given by {t,t) ■ g = tgt~^ for all g S G and t G T. This extends to 
an action on X. Thus T is an irreducible component of the fixed points of the 
torus diag{T) and is therefore smooth (see Lemma 5.11.1. of [8]). Thus for the 
left action of T (i.e. for the action of T x {1}), T is a smooth complete toric 
variety. 

We now recall certain facts and notations from §3.1 of [1] suitably adapted 
to the setting of X-theory. 

By Prop. A1 of [4], X^^^ is contained in the union Xc of all closed G x G- 
orbits in X; moreover all such orbits are isomorphic to GlB~ xG/B. Therefore 
by Theorem 2 of [23], Ktxt{X) embeds into Ktxt{Xc), the latter being a 
product of copies of the ring Ktxt{G/B~ x GfB). 

Let T be the fan associated to T in X*(T) 0 K.. Since T is complete, T is 
a subdivision of X*(T) ® R. Moreover, since T is invariant under diag{W), the 
fan T is invariant under IT, too. Since X is a regular embedding, by Prop. A2 
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of [ 1 ], it follows that T = WTj^ where is the subdivision of the positive 
Weyl chamber formed by the cones in T contained in this chamber. Therefore 
iF is a smooth subdivision of the fan associated to the Weyl chambers, and the 
Weyl group W acts on T by reflection about the Weyl chambers. Let denote 
the toric variety associated to the fan .7-+. Let 1 F(;) denote the set of maximal 
cones of T. Then we know that Tj^iV) parameterizes the closed G x G-orbits in 
X. Hence is parametrized by x W x W. (The above facts follow 

from Prop. A1 and Prop. A2 of [4].) 

For a € ^+(1), we denote by Z^- ~ G/B~ x G/B the corresponding closed 
orbit with base point and by 


i'(T ■ Ktxt{X) KTxT^Za) = Ktxt{G/B X G/B) 

the restriction map. Moreover, for / e KxxTiZa) and u,v G W, we denote 
by fu,v, the restriction of / to the point (u,v)za- 

With the above notations, we have the following theorem. For the analogous 
result in the case of Chow ring see pp. 159 of [1]. 

Theorem 2.1. For any projective regular embedding X of G, the map 
Lrj : Ktxt{X) ^ Ktxt{G/B~ X G/B) 

is injective and its image consists in all families (fa) {cr € J-+{1)) in R{T) 0 
R{T), such that 

(i) fa,usc,vsc = f<y,u,v (mod (1 — 0 6 “"^“^)) whenever a £ A and the 

cone a £ R+il) has a facet orthogonal to a, and that 

(ii) fo-,u,v = fa',u,v (mod (1 — e~^)) whenever x £ X*{T) and the cones a 
and a' £ iF+il) have a common facet orthogonal to x- 

(In (ii), X is viewed as a character of T x T which is trivial on diag{T) and 
hence is a character ofT.) 

Proof: In the proof of the Theorem on pp.160 of [4] we have a complete 
description of all T x T-invariant irreducible curves in X. We briefly recall here 
this description. 

T X T-invariant curves in X: Let 7 be a T x T-invariant irreducible curve 
in X. Then 7 joins two T x T-fixed points in X and one of the following cases 
occur: 

(1) 7 lies inside a closed orbit Thus by the description of T-invariant 
curves in G/B (see §6.5 of [5]) it follows that 7 is conjugate in IF x IF to a 
curve 7 ' joining z^ to (sq,, l)zcr or to ( 1 , Sa)za- where Za- is the base point of Za-. 
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(2) 7 is conjugate in x to a curve 7 ' joining the T x T-fixed points 
and {sa,Sa)za of the closed orbit Z^, where 7 ' is not contained in In this 
case the cone a in T+{1) has a facet orthogonal to a. 

(3) 7 is conjugate in hF x to a projective line 7 ' joining the T x T-fixed 
points Zo- and z^' which are respectively the base points of distinct closed orbits 
Za and Zct'. In this case the cones a and a' in J-+{1) have a common facet. 

In particular we observe that the set of T x T-invariant irreducible curves in 
X is finite. 

Therefore by Theorem II.31 the image of 


t* : Ktxt{X) —!■ 

is defined by linear congruences fx = fy (mod (1 — e“^)) whenever x,y G 
are connected by a curve where T xT acts by the character %. 

Further, observe that T xT acts on the curve joining Za to (sq, Sa)za by the 
character {a, a), and on the curve joining Zg- to Zo-' by the character x where 
(7 and a' have a common facet orthogonal to x- It therefore follows that the 
curves of type (1) define the image of nCT6:F+ whereas curves of type (2) and 
(3) lead to congruences (i) and (ii). □ 

Corollary 2.2. The ring Kcxg{X) consists in all families {fa-)icr G iF+{l)) of 
elements of R{T) ® R{T) such that: 

(i) isa,Sa)fcr = fa (mod (1 — 6 ““ ® 6 ““)) whenever a G A and the cone 
a G fF+{l) has a facet orthogonal to a, and that 

(ii) fa- = fa' (mod (1 — e“^)) whenever x G X*{T) and the cones a and 
a' G iF+{l) have a common facet orthogonal to X- 

Proof: By the isomorphism (&) in §1.1, the ring Kcxg{G/B~ xG/B) is isomor¬ 
phic to Ktxt{G/B~ X G/B))^ . It is further isomorphic to i?(T) (g)i?(T) via 
restriction to Za- Moreover, restriction of f G {Ktxt{G/B~ x G/B))^^^ ~ 
R{T) (g) R{T) to {u, v)za is equal to (u, v)fa where fa denotes the restriction of 
/ to Zcr- So the relations (i) and (ii) of Theorem IQ reduce to (i) and (ii) of 
Cor 1121 □ 

We have the following relation between KaxG{Zi) and Ktxt{T). This is 
analogous to the relation for semisimple adjoint groups and equivariant coho¬ 
mology, due to Littelmann and Procesi (see [H]), and to the corresponding 
relation for the equivariant Chow ring of a regular group compactification due 
to Brion (see Cor.2 in §3.1 of [4]). 

Corollary 2.3. The inclusion T ^ X induces the following isomorphisms: 
Kgxg{X) ~ Ktxt{T)^ zx {Kt{T) g R{T))^ 
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where the W-action on Ktxt{T) is induced from the action of diag{W) on T. 

Proof: Let N be the normalizer of T in G and let N be its closure in X. 
Observe that N is the disjoint union of {w, 1)T for w € W. This can be seen as 
follows: We have N = lJu,ew implies that 

N= \J iw,l)T. 

w€W 


Further, the map y ^ (re, l)y V y G T is an isomorphism from T to (re, 1)T 
on which the T x T-action is twisted by {w, 1). In particular, the T x T-fixed 

^ 'Jf' 

points in [w, 1)T are {w, 1) ■ T 

~~T X T 

Now, the set of fixed points T is parametrized by ^+(0 x diag{W). 

—T X T 

Therefore the set of T x T-fixed points {w, 1) • T is parametrized by T+(Z) x 
{w, \)diag{W). However we know that is parametrized by T+(l) xW xW 

where W xW = Uu,6w(^’ l)diag{W). 

It follows that {w, 1)T are disjoint, for otherwise the intersection of two of 
them should contain T x T-fixed points which is a contradiction. Therefore we 
have: 


N= [_\ (w,l)T 

w€W 


( 2 . 1 ) 


where for each w G W, (w, 1)T is an irreducible variety isomorphic to T with 
the appropriate twist for the T x T-action. 

In particular, N contains all fixed points of T x T. It follows that restriction 
Ktxt{X) Ktxt{N) 


is injective. 

Further, taking invariants of Ktxt{X) under W x W, we see that the re¬ 
lations arising from curves of type ( 1 ) reduce to (sq, l)(/cr) = /<t (mod (1 — 
e““) (g) 1) or (1, Sa){fa) = fa (mod 1 g (1 - e““)) for f^ e R{T) g R(T) for 
every a G T+(Z). 

However these relations trivially hold in R{T) g R{T), due to the fact that 
Sa(e^) — e^ is divisible in R{T) by the element 1 — e““ for every a € A and 
A G A. 

Therefore the non-trivial relations which describe the image of 
KrxriX)^^^ arise from the curves of type (2) and (3). 

From the description of T x T-invariant curves in X of type (2) and (3), it 
follows that any curve of type (2) or (3) lies in {w, 1)T for a unique w G IF 
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(since any such curve is conjugate in x to a curve lying in T). Thus N 
contains all T x T-invariant curves which are not in any closed (G x G)-orbit, 
that is curves of type (2) and (3). Thus we see that the restriction to N induces 
an isomorphism 




Further, by (2.1) it follows that 


Ktxt{N) ~ 0 {w,1)Ktxt{T) 

w^W 

where (ru, 1) denotes the isomorphism on iiT-rings induced by the above isomor¬ 
phism from T to {w, l)r. 

Thus the W x IF-module structure on Ktxt{N) is induced from the 
dmg(lT)-module structure on Ktxt{T). Thus we have 

Therefore we have the following isomorphisms 


Ktxt{X)^^^ - Ktxt{N)^^^ ~ Ktxt{T)^ ^ {Kt{T) ® R{T))^. 

(The last isomorphism is a consequence of the fact that we have a split exact 
sequence 

1 —> diag{T) —^TxT—>T—>1 

where the second map is (^ 1 ,^ 2 ) ^ and the splitting is given by t —> (t, 1). 

Thus T X r is canonically isomorphic to diagiT) x (T x {1}). Furthermore, 
by the definition of T x T action on T we see that diag{T) acts trivially on T. 
Therefore we have a ring isomorphism Ktxt{T) ~ R{diag(T)) ® Kt{T) (see 
5.2.4 pp.244 of i)- This isomorphism is further IF-invariant since the VF-action 
on the iF-rings is induced from the action of diagiW) on T.) □ 

Remark 2.4. Since J-+ is a subdivision of the fan associated to the positive 
Weyl chamber, we have an induced proper morphism T —> (Here T acts 

linearly on A* with weights being the simple roots.) Therefore, by the valuative 
criterion for properness it follows that T acts on T with enough limits (see pp. 
19 of [13] for the definition of action with enough limits). Thus by Cor. 5.11 
and Cor. 5.12 of [13| h further follows that the restriction homomorphism 

Kt{T^) ^ n = KT{{T^f) 
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is injective and an element (a.) G Y\aR{T,) is in the image of this homo¬ 
morphism if and only if for any two adjacent maximal cones cr and a', the 
restrictions of and Ga' to R{T^n<T>) coincide, where ^ T denotes the 

stabilizer along the orbit Or for every r G J-+. Further, since T is smooth, 
and T acts on r”*" with finitely many fixed points and finitely many invariant 
curves, it can be seen (see Cor 5.11 of [23]) that Theorem 11.31 holds for . 
More precisely, the image of Kt{T ) consists of elements (oa) G Oct 
such that Ocr — Gu' = 0 (mod (1 — e“^)) whenever a and a' have a common 
facet orthogonal to x S X*(T). 

The following proposition is a consequence of Corollary. 12.21 


Proposition 2.5. We have the following chain of inclusions as R{G) ®i?(G)- 
modules: 


R{T) 0 RiG) C Kt{T^) 0 RiG) C Kgxg{X) C i?(T)'^+(')l ® R{T). 

Moreover, Kgxg{X) is a module over R{T) (g) R{G). 

Proof: From the split exact sequence 

1 —> diag(T) ^TxT—s-T—>1 

it follows that R{T) g) R{T) ~ R{T x {1}) g) R{diag{T)). 

Recall that 

N= \J {w,l)T, 

wGW 

and any T x T-invariant curve of type (2) or (3) in X lies in {w, 1)T for some 
w G W . In particular, it follows that diag(T) acts trivially on the curve 7 joining 
{w, l)za and {w, l)(sa, Sa)zcr for every a G iF+{l) having a facet orthogonal to 
a G A, and w G W. Moreover, T x {1} acts on 7 by the character a (where the 
action is twisted by {w, 1) on the curves lying in (w, 1)T). 

Similarly, diag{T) acts trivially on the curve 7 joining {w, l)za and (w, l)zcr', 
and T x {1} acts on 7 by the character x, for all cones a and a' G iP+{l) having 
a common facet orthogonal to x- 

Hence by Cor ]2.2l it follows that Kgxg{X) consists in all families {fa){o' G 
iF+{l)) of elements of R{T x {!}) g) R{diag{T) such that: 

(i) {^,Sa)fcyiu,v) = fcj{u,v) (mod (1 — 6 ““^“^)) whenever a G A and the 
cone cr G J-j^{l) has a facet orthogonal to a. 

(ii) fa = fa' (mod (1 — whenever x G X*{T) and the cones a and 

cr' G Tj^(X) have a common facet orthogonal to x- 
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where u and v denote the variables corresponding to R{T x {!}) and R{diag{T)) 
respectively. 

Now, by Remarkit follows that Kt{T^) ® R{T)^ C ncrG:^+(i) <8 

R{T) is generated by the elements {aa)^b, where Oo- —a^' = 0 (mod (1 —e“^)), 
whenever a and a' share a facet orthogonal to y S X*(T), and b S R{T)^. 

Therefore, by identifying both T x {1} and diag{T) naturally with T keeping 
track of the ordering, we see that Kt{T^) 0 R{T)^ satisfies the relations {i) 
and {a). Therefore it is a submodule of Kcxg{X). Moreover, since Kt{T^) is 
an algebra over R{T), it follows that Kgxg{X) is a module over R{T) ® R{G). 
□ 

We give below the example of wonderful compactihcation of PGL{2,C). In 
particular we shall clearly see the curves of type (1) and (2) in this case. 

Example 2.6. Let G = PGL{2, C) = SL(2, C)/±/d. Then the projective space 
P(M(2, C)) is the wonderful compactihcation of PGL{2, C), on which the action 
of PGL{2, C) X PGL{2, C) by multiplication on the left and on the right extends. 

Let Eij denote the elementary matrix with 1 as entry and 0 elsewhere 

for 1 < i, j < 2. In this case the Weyl group is IE = {1 = Id, Sa = —P 12 + P 21 }, 
and T ~ consists of the diagonal matrices in P(M(2,C)). 

Further, the unique closed PGL{2,C) x PG'L(2, C)-orbit consists of 
the matrices of rank 1 in P(M(2,C)) and is isomorphic to PGL{2,C) x 
PGL{2,C)/{B~ X R'*"), choosing as base point the matrix En. Furthermore, 
PGL{2,C) is the open orbit with base point Id. 

The four T x T hxed points of P(M(2, C)) are: Eu, E 12 = {l,Sa)Eii, 
E 21 = {sa,l)Eii and E 22 = {sa, Sa)Eii. Further, the T xT curves are the 
following: 

( 1 ) aEii + bEi2', aEii + bE2i', C1E12 + bE22', o,E2i + bE22. 

(2) (xE\\ + bE 22 and ( 1 E 12 -t- bE 2 i. 

where aEij + bEpq V a, 5 S C, denotes the projective line joining Eij and Epq in 
P(M(2, C)) for i,j,p, q G {1, 2}. Pictorially we can view these curves as follows: 


Ell- Ei2 
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Thus we see that the curves of type (1) lie entirely in the unique closed orbit, 
whereas the curves of type (2) meet the open orbit. 

Moreover, N = T Li {sa, 1)T is the union of diagonal and the antidiagonal 
matrices. Hence N contains only the curves of type (2) and does not contain 
the curves of type (1). 

In this case we do not have curves of type (3) since there is a unique closed 
G X G-orbit. 

Remark 2.7. Note that all the results in this section hold jinahgousl'ji for 
Kq^q{X) and Kf^f{X) where we take the natural actions of G x G and T xT 
through the canonical surjections to G x G and T xT respectively. 

2.1 Determination of the structure of Kq^ g{X) 

Let X := G be a projective regular embedding of G and let T be the corre¬ 
sponding torus embedding. 

Let T be the (smooth projective) fan associated to T. Recall that the Weyl 
group W acts on LF by reflection about the Weyl chambers and the cones in X 
get permuted by this action of W, and each cone is stabilized by the reflections 
corresponding to the walls of the Weyl chambers on which it lies. Let WV 
denote the subgroup of W which fixes the cone t G LF. Then in particular, 
= {1} V cr G X{1), and W^o} = W. 

Let {pj : j = 1,... dj denote the set of edges of the fan T and let r(l) denote 
the set of edges of the cone r for every t G T. Let Vj denote the primitive vector 
along the edge pj. Let Or denote the T-orbit in T corresponding to t G IF. Let 
Lj denote the T-equivariant line bundle on T corresponding to the edge pj . We 
note that, Lj has a T-invariant section Sj whose zero locus is Op^. Recall that 

r"*" denotes the toric variety associated to the fan LF+. 

Let Xp '■= npjeF(l “ Laurent polynomial algebra 

l\Xf^,...Xf^], for every F C {pj : j = l,...fi}. In particular, let Xr := 
^r(i) = np,er(i)(l - for every t G F. 

Recall from Theorem 6.4 of [23] we have the following Stanley-Reisner pre¬ 
sentation of the T-equivariant iL-ring of T+: 

Kt{T^) cx : p, G F+{l)y{Xp, 'i F i F+) 

where under the above isomorphism Xj maps to {Lj\. 

Further, we have the additive decomposition Kt{T~^) = ®r^j^+ where 

Cr ■= Xr ■ 1[xf : p, G r(l)]. 

Since we do not have an immediate reference for the above additive decomposi¬ 
tion which may be well known, we give a proof of it in the following lemma. 
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Lemma 2.8. We have the additive decomposition Kt{T^) = 
where 

Cr -Xr-ZlXf^ : p, e r(l)]. 

Proof: Let 2 be any finite indexing set. Then : j G 2] = R[Xf^] = 

i?0(l — Xi)R[Xf^] where R := : j G2,j ^ i]. By induction on \2\ we 

have the following direct sum decomposition: 

Z[Xf^ ■.jG2] = ^Xf- Z[Xf : j G F] 

FCX 

where Xp := njgF(l “ ^j)- 

Now, let F C T and i ^ F. Then we have Xp ■ h[X^^ : j €2] = Xp ■ 
R[Xf^] = Xp ■ R^Xpi ■ R[X^^] where R := : j G F,j ^ i] and 

Xpi = Xp{l — Xi). Thus by induction on \{i ■. i ^ F}| it follows that we have 
the following direct sum decomposition: 

• ZiXf : J G 2] = ^ Xp,- Z[X±i : j G F']. 

FCF' 

In particular, applying the above arguments for X = ^+(1) we get: 

Z[Xf : p, G F+(l)] = 0 Xf • Z[Xf : p, G F] 

FCF+(1) 

and further for F C F+(l) such that F ^ F+ we get: 

• Z[xy : p, G F+(l)] = 0 • Z[xy : p, G F'] 

FCF' 

Since FCF' implies F' ^ F+ it follows that we have the following direct 
sum decomposition: 

{Xp, V F ^ F+) = 0 • Z[Xf : p, G F] 

F^F+ 


The lemma now follows by the Stanley-Reisner presentation of Kt{T^). □ 

Remark 2.9. Note that although we state Lemma [2781 for F it is not hard to 
see that an analogous additive decomposition holds for the F-equivariant F-ring 
of any smooth F-toric variety. 

Whenever tr, r G F (resp. F+) span a cone in F (resp. F+), we shall denote 
the cone spanned by them as 7 := (r, tr). 
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Theorem 2.10. Let X := G be a projective regular embedding of G and let T 
be the corresponding torus embedding. Then, Kgxg{X) has the following direct 
sum decomposition as 1 (g) R{G)-module: 

Kgxg{X) ~ 0 Cr®R{T)^^ 


where R{G) = R{T)^ acts naturally on the second factor in each piece of 
the above decomposition. Further, i/ie multiplicative structure of Kgxg{X) can 
be described from the above decomposition as follows: Let ar^bj. G Gt.^R{T)^'^ 
and Qa ®ba G Gcr ® R{T)^'^. Then 


) ’ {,a,y®h,y ) 


Or ■ aa ®bT ■ ba, if T and <j span the cone 7 
0 if T and a do not span a cone in J-+ 


(Note that Or ■ acr ® br ■ b^r G Cry R{T)^'<, and the multiplication in the 
first factor is as in Kt{T^) where Cr ■ Ca ff C-^.) 

Proof: We have the following isomorphisms by Cor ]2.3l 


Kgxg{X) Ktxt{T)^ ^ {Kt{T) ® R{T))^ 

Now by Theorem 6.4 of [23] we have the following Stanley-Reisner presen¬ 
tation of the T-equivariant itT-ring of T: 

KT{T)^Z[Xt\...X^^]/{XF, (2.2) 

Since W acts on iF, we have an action of W on Z[X^^,... given by 

w{X^^) = for every w gW. Therefore, w{Xp) = for F C {pj : 

j = 1,... d} and w G W, and since W permutes the cones of T we further get 
an action of W on the Stanley-Reisner algebra Z\X^^,... X^^]/{Xp W F ^ F). 
The above isomorphism is an isomorphism of W-modules, where the W-action 
on Kt{T) is induced by the diag[W)-a.ction on T. 

Further, (see Lemma [2.81 and Remark l2.9p 

Z[X^\ ... X^^]/{Xp, V F ^ .F) = 0 X. • : p, G r(l)] 

where we have the natural action of W on the right hand side given by: 

w[Xr- ZlXf^ : pj G t(1)]) = • Z[Xp^ : pj G w(t)(1)], ^ w G W. 

Therefore we have: 

KriT) =00 • nwiXf^) : p, G r(l)] 

tgj ^+ wew/w.r 
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Here WV denotes the subgroup of W which fixes the cone t £ Hence we 
have as TH-modules: 


^t(T) = 0 IndZ^Cr 

where, Cr '■= : pj £ t(1)]. 

Further, since Cr is fixed by HV, hence Ind'^^Cr — Z[H^/W',-] (g) Cr- 
Thus we have: 

Kt(T) ® R{T) = 0 1[W/Wr] ®Cr® R{T). 


Now by taking VF-invariants on either side we get: 

(iFr(T) ® R{T))^ = 0 C, g (2.3) 


Thus we get the following additive decomposition: 

Kg^g{X)~ 0 Cr®R{T)^-. 


We shall now describe the multiplication on the right hand side of the above 
decomposition which will make the above isomorphism a ring isomorphism. 

First we note that the isomorphism Kgxg(.X) ~ (Kt(T)®R{T))^ is a ring 
isomorphism and hence preserves the multiplicative structure. 

Further, since (2.2) is a ring isomorphism the multiplication in 
Kt{T) is determined by multiplication in the Stanley-Reisner ring 
Z[Xj^^,... Xj^^]/(Xi 7 ’, 'i F ^ X) (see §6.2 of [13]). Moreover, the multipli¬ 
cation in 

Z[X± 1 ,...X±V(^F, VF^J^) = 0 a 

reF 

is determined by the products Cr • C„ for t, cr € F, where Cr • C^ C C,y for 
7 = (t, cr). Similarly, the multiplication in Kt{T^) = defined by 

multiplying Cr and Ca for r and a in Moreover, if r and a span a cone in 
Fjt then Cr ■ Ca C C-y where 7 = (cr, r), and if r and cr do not span any cone in 
F+ then Cr ■ Ca = 0. 

Furthermore, the multiplicative structure on Kt{T) = Ind'^^Cr is 

induced from the multiplication in Kt(T^) — ®rej^+ This is because, for 
w', w" £ W, w'{a) and w"{t) span a cone in F if and only if r and a span a 
cone in .F+, and there exists w & W such that w{a) = w'{a) and w{t) = w"{t). 
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Moreover, if r and tr span 7 in w{t) and w{a) span ^( 7 ) in for 

every w GW. 

In particular, let = w'(fa) G Cu,/(o.) and gr = w'^fr) G Cu,//(t-), where 
fa G Ca and fr G Ct for r, cr G T+. Then ■ ffr = 0 if cr and r do not span a 
cone in or if there does not exist any w G W such that w{(7) = w'{a) and 
w(t) = w"(t). Otherwise ga ■ gr = w{fa • fr) S C'wij)) where 7 = (r, tr), and 
w(ct) = w'(a) and w(t) = w"(t) for w G W. 

Further note that, whenever 7 = (r, ct) in we have the product: R{T)^'^ ■ 
R{T)^- C R{T)^-<, where and R{T)^- are both subrings of R[T)'^-<. 

Thus we see that the identity (2.3) above induces a multiplicative isomor¬ 
phism, where the multiplication in ®.re.?'+ ® R{T)^'^ is as described in the 

statement of the theorem. □ 

Corollary 2.11. The ring Kgxg{X) — 0rGJ^+ 0 ® R{T)^^ admits a multi- 
filtration {Ft-It-gjt.,., where the filtered pieces are 

= 0 a ® 

T-<{7 

where Fr D Fa whenever t ^ a, and F|o} = KoxoiX). Further, under 
the multiplication described in Theorem \2.10l we have Fr ■ Fa Q Fly where 
7 = {T,a). In particular, F{o} • Fr C Fr for all r G F+. Moreover, 

since Kt{T^) O R{T)^ C Fjo}, it follows that Kgxg{X) is a module over 
Kt{T^) ® R{T)^ and each filtered piece Fr is a KriT^) ® R{T)^-submodule. 
Furthermore, the Kt(T^) ® R(T)^-module structure on Kgxg{X) given by 
the above decomposition is compatible with the canonical R{T) ® R{T)^-module 
structure on Kgxg{X) coming from the inclusion in Prop. 12.51 

Proof: The existence of the filtration {FV}tg.f+ follows by definition. Further, 
the filtered pieces multiply by the multiplication rule defined in Theorem 12.101 
and hence it follows that: Fr ■ Fa C F!y whenever 7 = (r, ct), and Fr ■ Fa = 0 
whenever r and ct do not span a cone in F+. 

Recall by Prop. I2.5l that we have an inclusion KT{T^)®R{Tf^ C Kgxg{X) 
as a subring, which further gives Kgxg{X) a canonical R{T) (g) R(T)’^-module 
structure. Now, under the above isomorphism, Kt(T^) ® R{T)^ maps to 
Cr ® R{T)^ C F{o}. Since F{o} • Fr C Fr, it follows that each Fr 

for r G F+ is a module over Kt(T'^) (g) R{T)'^. Moreover, the decomposition 
Kgxg{X) ~ 0rG.F+ Gr®R{T)^^, prcscrvcs the multiplicative structure. Thus 

the above defined R{T) g) R{T)^ C Kt{T~^) g i?(T)'^-module structure on 
Kgxg(,X) ~ Fjo}; is compatible with the canonical structure given in Prop. 

[231 □ 

The following corollary can be thought of as a geometric reinterpretation of 
Theorem [3TU1 
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Corollary 2.12. Let Nj- ®p^gT-(i) normal bundle ofVr = Or in T. 

Let Nr \or denote the restriction of the normal bundle to Or so that 

X-i{Nr loj := n ^ KriOr). 

PjGTil) 

Then we have the following decomposition: 

XgxgW^ 0 \_^{Nr\Or)-KT{Or)®R{T)^-. 

Let Pr := X-i{Nr \or) ' KriOr) (S) RiT)^^ for each r £ T+. Then the above 
decomposition is a ring isomorphism where the multiplication on the right hand 
side is given as follows: 

p p ^ if T and a span the cone 7 in Tj^ 

“ 1 0 if T and a do not span a cone in 

Proof: Observe that : pj G t(1)] — KT^Or) since KxiOr) = 

Kt{T/T r) = R{Tr) where, Tr is the stabilizer of the orbit Or- Indeed this 
isomorphism is induced from the map (6.2) pp. 27 of [23j composed with the 
restriction to R{Tr), and is hence compatible with the isomorphism ( 2 . 2 ) above. 
Note that under the above isomorphism Xj maps to [Lj \Or]- 

Thus Or := Xr ■ : pj £ t(1)] ~ X-i{Nr \or) ' KriOr) = Pr, where 

Nr \Or— ®pjGt(i) \Or denotes the restriction of the normal bundle of 14 
to Or- Therefore, substituting the above isomorphisms in (2.3) we have the 
following additive decomposition: 

(Xt(T) ® i?(T))^ ~ 0 X-iiNr \or) ■ KriOr) R{T)^^. 

Since by Cor l2.3l we have Kcxg{N) ~ {Kt{T) ® R(T)Y^ , we get the required 
decomposition of Kcxg{N)- 

Further, since the torus embedding T is regular, the isotropy group Tr has 
a dense orbit in the normal space Nix) to Or at x £ Or- In particular, this 
implies that the eigenspace of N (x) corresponding to the trivial character of Tr 
is zero. Thus by Lemma 4.2 of [23] it follows that A_i(iVT- |o^) is not a zero 
divisor in KriOr)- Thus we see that each piece A_i(A^t- \o^)-KriOr)®RiT)^^ 
is isomorphic to KriOr) ® i?(T)'^^ for every t £ .4+. 

Furthermore, since 7 = (t, cr), we have the restriction maps 7?(Ty) —> i?(7V) 
RiT-y) —> RiT„) induced by the canonical inclusions Tr C T~f and T„ C 
These restriction maps further admit splittings which are respectively given by 
[Lj] [Lj\ lo., for Pj £ r(l) and [Lj\ [Lj\ |o., for pj £ ct( 1 ). 

In particular, A_i(iV^ |o,) = np,Gr(i)(l “ [Lj] \Or) £ KriOr) and 
A_i(iV^ \Or) = npjGCT(i)(l “ [Lj] [oj G KriOa) multiply as elements in 
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KriO-y) to give 

PjeT(i) pjgCT(i) PjS-yii) PjS{TntT)(i) 

Thus the right hand side is divisible by X-i{N^ |o^) = npje 7 (i) (1 - [Lj] lo, 

) G Kt{0^). 

Now, by defining multiplication on the right hand side as in Theorem 12.101 
the corollary follows. Thus the above decomposition of Koxci^) is a ring 
isomorphism. □ 

The structure of rational equivariant cohomology of regular embeddings has 
been described in complete detail in [5] • However for comparison with the setting 
of iG-theory, we give below the analogous statement in the case of cohomology 
which we obtain by proceeding along similar steps as in Theorem 12.101 

We follow the notations in the beginning of this section except for the follow¬ 
ing modifications: Let Xp := every F C {pj : j = 1,... d} in the 

polynomial algebra Q[Xi,... Xd\. In particular, let Xj- := = rip^erCi) 

for every t ^ F . Let S := H^{pt) be the symmetric algebra over Q of X*{T). 
By Theorem 8 , pp. 7 of [2] we know that: 

H^{T) ~ Q[Xi, ... X4/{Xf VF^F) 

Let e{NT) denote the equivariant Euler class of the normal bundle of 
V(t) = Ot which is equal to the top chern class of then 

have the following (also see Theorem 2.3 of [TB]) for equivariant cohomology 
of the wonderful compactification of semisimple adjoint groups, and the cor¬ 
responding result for Chow ring of a regular compactification of a connected 
reductive group in Cor. 2, p.l61 of 01): 

Theorem 2.13. 

H*axGiX) ^ m{T) e{Nr |oJ • H^iOr) 0 

rG.F-1- 


Remark 2.14. As observed in page 3 of [23] the above results on algebraic and 
topological K-theory of X hold with integral coefficients. 


2.1.1 Application to Ordinary K-theory 

In this section we shall consider Kq^q{X), in view of applying Theorem 4.2 of 
[19] to obtain the results for the ordinary A-ring of X. Moreover, by Remark 
EH we can apply the contents of §2 to Ag^g(A) and Kf^f{X). 

Proposition 2.15. Consider the principal (B~ xB)- bundle GxG —> G/B~ x 
G jB. Further, we have a canonical action of B~ xB on T through the surjection 
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B~ X B T X T. We consider the associated bundle (G x G) T which 

is a toric bundle with fibre T over GjB~ x GjB. We then have the following 
description of K{X): 

K{X) ~ K{{G X G) Xb-xb 

Proof: By Cor ]2.3l we have: Kq^q{X) ~ Now observe 

that Kg_^g{T) = Kq^q{{G xG)Xg_^gT) (see 5.2.17 of [8]). Further, the re¬ 
striction homomorphism Kg_^g(T) Kf^f{T) is an isomorphism (see 5.2.18 
of [8]). Thus we get the following isomorphism: 

^Gxg(^) ^Gxg((G X G) xg_,g 

Note that both sides of the above isomorphism are R{G) (g) i?(G)-algebras and 
further, the above isomorphism is an isomorphism as i?(G)®i?(G)-algebras (here 
we use the fact that i?(G) 0 R{G) is invariant under the action of diag{W)). 
Now, applying the isomorphism (c) of §1.2 for G x G we get: 

K{X) ~ K{{G X G) 

Further, since the relative T-embedding (G x G) T, where B~ x B 

acts on the fibre T via the surjection to B~ x B, is canonically isomorphic to 
(G X G) Xb-xb T we have the proposition. □ 

Remark 2.16. Recall that we have the Cartan decomposition X = 
GcompTGcomp (sce [11] pp. 585]) where Gcomp is a maximal compact subgroup 
of G such that Tcomp = T n Gcomp is a maximal compact torus in Gcomp- Hence 
for the topological iF-theory we have the following isomorphism 

Rtop^X) CX {{Gcomp X Gcomp) Xt._,xT_, 

which is obtained via pullback through the canonical map 
{^Gcomp ^ Gcomp) ^TcompXTcomp T-^X (see m pp.585-588]). 

Remark 2.17. The above description of K{X) is analogous to the description 
of H*{X]Q) in Theorem (2.2) of [TT] in the case when X is the wonderful 
compactification. Also see EH for the computation of the Grothendieck ring of 
a relative torus embedding over an arbitrary base, analogous to the computation 
of cohomology in §3 of El- 

Remark 2.18. Here we mention that for the case of a smooth complete toric 
variety the structure of the T-equivariant and ordinary iF-theory is well known 
(see §6 of [23j for the computation of equivariant and ordinary AT-theory of any 
smooth toric variety, and also see [H] for the ordinary Al-theory of a smooth 
complete toric variety using different methods). 
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3 K-theory of the wonderful compactification 


In this section X := Gad the wonderful compactification of the semisimple 
adjoint group Gad- 

It follows from (1.1) that G"*® is the universal cover of Gad, and Tad ■= /G 
is the maximal torus of Gad- Recall that rank {Gad) = rank (G®®) = r which 
is the semisimple rank of G. 

The toric variety Tad then corresponds to the fan Xad in X^, which is 

the fan associated to the Weyl chambers. Moreover, Tad^ — A’’, where Tad acts 
on A*" by the embedding t Thus {Xad)+ is the fan associated 

to the positive Weyl chamber where the edges of {Xad)+ are generated by 
the fundamental coweights uji ,... dual to the simple roots oi,..., Or. 

Notation 3.1 Henceforth in this section we let: G := G®®, a semisimple simply 
connected algebraic group, B := B®® a Borel subgroup and T := T®® a maximal 
torus of G. 

Following Remark 12.71 we shall consider G x G and T x T-equivariant K- 
theory of X, where we take the natural actions of Gx G and TxT an. X through 
the canonical surjections to Gad x Gad and Tad x Tad respectively. In particular, 
we shall apply the contents of §1 and §2 for Kcxg{X) and Ktxt{X). 

As in the proof of Prop. 12.51 we denote by u and v the first and second 
variables of R{T) x R{T) respectively. 

Lemma 3.2. The ring Kqxg{X) 1= R{T)®R{T) consists of elements f{u,v) G 
R{T) (g> R{T) that satisfy the relations {1, Sa)f{u,v) = f{u,v) (mod (1 — 
e““(“))) for every a S A. 

Proof: This follows immediately from the proof of Prop. 12.51 since there is 
only one maximal dimensional cone in {tFad)+ which has a facet orthogonal to 
a for every a G A. Thus in this case there are no relations of type (ii) and the 
relations of type {i) are as given above. □ 

It follows from the above lemma that R{T) (gi R{G) = R{T) (g R{T)^ C 
Kgxg{X) as a subring. In particular, Kgxg{X) is a module over R{T)®R{G), 
and the following theorem describes explicitly this module structure. 

Theorem 3.3. The ring Kgxg{X) has the following direct sum decomposition 
as R{T) (g R{G)-module: 

Kgxg{X) = en (l_e-“(“))B(r)(gB(r)/. 

ICAa&I 
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Further, the above direct sum is a free R{T) 0 R{G)-module of rank \W\ with 
basis 

{n(l - ® /„ : v€C^ and I C A}, 

a^I 

where is as defined in (1.3) and {fv} is as in Notation \l.l‘A 

Proof : Recall from Lemma [1.101 that we have the following decompositions 
as i?(T)^-modules: 

(i) R{T)=®jR{T)j 

(ii) 

Let 

(l_e-“(“))R(r)(g)R(r)/ 

/CA aGl 

For I C A, the piece naG/(l “ e"“(“))R(r) (g) R(T)i in the direct sum 
decomposition of L is isomorphic to R{T) g) R{T)i as an R{T) g) i?(G)-module, 
since ^ divisor in R{T) (see Theorem l3.8l for details). 

Thus it follows from (i) above that L is a free R{T) g i?(G)-module of rank |1F|. 

Further, by Lemma (3.21 it follows that naG/(l “ e““^“^)i?(T) g R{T)i Q 
Kgxg{X) for every / C A. This is because, naG/(l “ e““(“^)i?(T) g R(T)i C 
R{T) g R{T) clearly satisfies the relations which define Kcxg{X) in R{T) g 
i?(T). In particular, when / = 0, we get R{T) g R{G) C Kcxg{X). 

Let K := KcxGi^)- Thus we have the inclusion: L C K a.s modules over 
R{T) g i?(G). 

Moreover, by Lemma [L 6 l we know that AT is a free module over i?(G) gi?(G) 
of rank |IFp. Further, note that R{T) gi?(G) is free over R{G) gi?(G) of rank 
|kF|. Since R{G) g R{G) and R(T) g i?(G) are regular, it follows that AT is a 
projective module over R{T) g R{G). Further, this implies that K is free over 
R{T) g i?(G) of rank |IF|, by Theorem 1.1 of [T^ . 

Thus, L ^ K K/L ^ Q is a. short exact sequence of R{T) g R{G) 
modules, and since K and L are free of rank |IF| it follows that KfL is of 
projective dimension 1 as a module over RifP) g R{G). 

We require to prove that L = K as R{T) g i?(G)-modules. For this we first 
prove the following lemma. 

Lemma 3.4. Let ta ■= n/ 3 /a(l “ G R{T) g i?(G) for every a £ A. 

Then, {K/L)t^ = 0 for every a £ A. 


Proof : Let := R{T) g i?(T)®“ 0(1 - e-“(“))i?(T) g .R(r)'’“. 
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Further note that R{T) = 0 for every a G A where 

oJa denotes the fundamental weight corresponding to a G A. Hence, R{T) 0 
i?(T) = R{T) (g) R{Ty° 0 R{T) 0 which is in fact a direct sum 

decomposition of R{T) g) R(T) as R{T) ® i?(T)^-module. 

From Lemma[3^it follows that after localizing at ta = n/ 3 ^a(l-e-^^“^),the 
only condition defining Koxci^) in RiT) g R(T) is the one corresponding to 
a. Using the above direct sum decomposition of i?(T) gi?(T) and the condition 
corresponding to a, it follows that Kt^ C 

Moreover, from the equalities (i) and (ii) above, we get: 

RiTy-= RiT) I 

Hence by the definition of L it further follows that Lt^ = - Since Lt^ C 

Kt^ C {Ma)t^, we have: {K/L)t^ = 0 for every a G A. □ 

Since the projective dimension of {K/L) = 1, by Auslander-Buchsbaum 
formula we know that Supp {K/L) is of pure codimension 1 in Spec (RiT) g 
R{G)). Hence Supp (K/L) must contain a prime ideal p of height 1 in R{T) g 
i?(G). Since R{T) g R{G) is a U.F.D, p = (a) for some a G -R(T) g R{G) and by 
Lemma [3.41 it follows that p contains 1 — and 1 — for a y f3 G A. 

This implies that a divides 1 — and 1 — for distinct a and /3, 

which a contradiction since 1 — and 1 — are relatively prime in the 

U.F.D, R{T) g R{G) (see p.l82 of [3]). 

This contradiction implies that K/L = 0 and hence K = L. 

Now, for / C A, the piece nae/(l ~ g R{T)i in the above 

direct sum decomposition is a free R{T) g i?(G)-module with basis {nae/(l ~ 
: u G G^} where {/«} is as in Notation ll.121 Thus the direct sum is 
a free i?(T) g i?(G)-module of rank |VF| with basis f'v ■ ^ 

G^ and I C A} □ 

For / C A, let 0 := naG/(l “ g R{T)i C R{T) g R{T). The 

direct sum decomposition in Theorem 13.31 can therefore be expressed as: 

KoxciX) = ^ 0 . 

ICA 

Corollary 3.5. The multiplicative structure of Kgxg{X) is determined by the 
above decomposition where the pieces Ai (resp. Aji) corresponding to I (resp. 
I') multiply in RiT) g i?(T') as follows: 

0 - 0 'C (l-e"“(“))i?(r)gi?(r)'^^\Gu/') c 0 0 . 

ae/U/' JCIUI' 

In particular, any two basis elements Oae/^^ “ g /„ and ~ 

e““(“)) g where v/resp. v') belongs to (resp. G^ ) multiply in R^T) g 
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R[T) to give: 

ol£I' a^lr\I' ae/U/' 

where the right hand side belongs to Yla^iui'i^ ~ ■ 

Proof: It follows by Lemma 13.21 that the direct sum decomposition 
KoxoiX) — ®/cA ^ isomorphism where the multiplication on the 

right hand side is given as a subring of R{T) 0 R(T). We describe this multi¬ 
plication below: 

Let Bi := naG/(l “ 0 R{T)'^^\! C R(T) ® R{T). By Lemma 

11.101 we have Aj C Bj and further, 

Bi = en (i_e-“(“))i?(r)(g)i?(r)j c 0^.- 

JCIa&I JCI 

Moreover, we see that Bj and Bp for 1,1' C A multiply in R{T) (g) R{T) as 
follows: 

Bi ■ Bp C Bpjp . 

Thus it follows that 

Ai ■ Ai' C Bpjp C Aj. 

.iciui' 

Hence the corollary. □ 

Recall that since Gad is semisimple adjoint, A^d := X*{Tad) has a basis 
consisting of the simple roots and further, since G is semisimple and simply 
connected A := X*{T) has a basis consisting of the fundamental dominant 
weights. Thus R{Tad) = '^[X*{Tad)\ is generated as a Z-algebra by {e“‘ : 1 < 
i < r}, and R(T) = h[X*(T)] is generated as a Z-algebra by {e“‘ : 1 < z < r}. 

Recall that on X the isomorphism classes of line bundles correspond to 
A G X*{T). Further, the line bundle C\ on X associated to A, admits a G x G- 
linearisation so that B~ x B acts on the fibre C\ \z by the character (A, — A), 
where z denotes the base point of the unique closed orbit G/B~ x G/B. More¬ 
over, Pic^^'^{X) is freely generated by corresponding to the fundamental 
dominant weights lui G X*{T) for 1 < z < r (see §2.2 of [ 7 ]). 

In particular, are G x G-linearised line bundles such that B~xB operates 
with the character (ai, —ai) on Ca^ \z for 1 < z < r. Further, since the centre Z 
of G acts trivially on X, and hence acts on the fibre by the character (at, —ai). 
La, is in fact Gad x God-linearised. Moreover, also admits a God x God- 
invariant section Si whose zero locus is the boundary divisor Xi for 1 < z < r. 

Moreover, since Tod"*" — ^ where, each I C A corresponds to a TAd-orbit 
Oi = {(xi,... ,Xr) G A*" I Xi = 0 if and only if ai G /}. The base point z of 
the closed Gad x God-orbit in X thus corresponds to the Tad x TAd-fixed point 
(0,..., 0) G A'". Further, let {Tad)i C Tad denote the stabilizer at the orbit Oi. 
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Further, on Tad^ the line bundle Cat can be trivialised as a Tad x Tad- 
equivariant line bundle La^ := A'’ x C where the Tad x Tad-action is given by 
{ti,t 2 ) ■ {u,c) = ((ti,t 2 ) ■ u , • c). In particular, we see that diag{Tad) 

acts trivially on La^ ■ The section Si further becomes the ith coordinate function 
whose zero locus is 0{i}. Then Ni := 0a.g/Ta; is the normal bundle of Oj in 

Tad~^, and hence 

A_i(iVV):= 

aiGl 

Note here that Lct^ = Li in the notations of §2.1. With the above notations 
we have the following: 

Theorem 3.6. IFe have the following direct sum decomposition of Koxoi^) 
as R(T) (g) R{G)-module: 

Kgxg{X) = 0 A_i(iV/)T(T) ® R{T)i. (3.1) 

ICA 

Moreover, Kgxg(.X) is free over RlT) ® R(G) of rank \W\. Further, we can 
identify the component R{T) (g> 1 C R{T) ® R{T)^ in the above direct sum with 
the subring of Kgxg{X) generated by {[Ta] : A G A}, which is also the subring 
generated by Pic'^^'^{X). 

Proof: The isomorphism (3.1) is an immediate consequence of Theorem 13.31 
We can see this as follows: Since diagiT) acts trivially on Tq,^ we see that the 
isomorphism class of La, in Ktxt(T^) corresponds to e“* (g) 1 in R{T x 1) (g 
R{diag{T). (Here we use the canonical identification, R{Tx {l})®R{diag{T)) ~ 
R{T) (gi?(T).) Thus following the notations in Theorem 13.31 [T^J corresponds 
to Therefore, by the definition of Ni it follows that the term no!e/(l ~ 

e““(“)), can be identified with A_i(A^/) . Hence the claim. 

By Prop. 12.51 and Remark 12.71 we have the inclusion R{T) x R(G) C 
Kgxg{X). We claim that under the above inclusion the image of R{T) ® 1 
in Kgxg{X) is the subring generated by {[Ta] : A G A} which is the subring 
generated by the isomorphism classes of G x G-linearised line bundles on X. 
This can be seen as follows: 

By Cor l2.3l and Remark 12.71 we have the canonical inclusion Kgxg{X) ^ 
i?(T)gi?(T) obtained by restriction to the base point 2 of the unique closed orbit 
G/B~ X G/B. By definition, Cx maps to g e~^ under the above inclusion. 
Further, by the canonical identification R{T x {1}) R{diag{T)) ~ i?(T)gi?(T) 
coming from the exact sequence 1 —> diag{T) ^ T x T —>Tx{l}^l, we 
see that the image of [Ta] under the restriction map is g 1 for A G A. Since 

g 1 generate R{T) g 1, it follows that the image of R{T) g 1 under the above 
restriction in R{T) g R{T) is same as the image of the subring generated by 
[£a] for A G A. Further, since [Ta] for A G A generate Pic^^^{X), we have the 
theorem. □ 
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Remark 3.7. Note that we can also identify R{Tad)®^ C R{Tad) ® R{Tad)^ C 
KG^^xGa.di^) with the subring of Kc^^xGadi^) generated by {[£aj : 1 < 

i < r}. Thus Ka^dxGa.di-^) i® ^ module over the subring generated by the 
isomorphism classes of the Gad x Gad-hnearised line bundles on X corresponding 
to the boundary divisors {Xi : 1 < i < r}. 

In R(T) let 

/-•/-'= E E (3.3) 

jc(iur) w^GJ 

for certain elements £ R{G) = R(T)^ V u £ G^, v' £ C^' and w £ G'^, 
J C (/ U I') (see Notation II .121) . 

Theorem 3.8. We have the following isomorphism as R{T) (g) R{T)^- 
submodules of R{T) g R{T). 

0 R{T)(E)R{T)i -0 X^i{Nf)R{T) g R{T)i = Kgxg{X). 

ICA ICA 

More explicitly, the above isomorphism maps an arbitrary element a iE> b € 
R{T) ^ R{T)j to the element (A_i(A^/) • a) g &. In particular, the basis element 
1 g /„ £ R{T) g R{T)i maps to A_i(iV/) g /„ £ A_i(iV/) • R{T) g R{T)i, for 
V £ G^ for every ICA. 

We now define a multiplication on ^ R{T) ® R{T)[ where any two basis 
elements 1 g /« and 1 g for v € , v' € (1,1' C A) multiply as follows: 

(lg/„).(lg/„0:= E E 

jc{iui') weCJ 

Then the above isomorphism further preserves the multiplicative structure where 
on the right hand side the multiplication is as defined in Cor. \3.5\ . 


Proof: Note that we have a canonical isomorphism of R{T) with Kt{T^) 
which maps e°‘* to [Ta,] for 1 < i < r. Thus by the notations in Theorem 13.31 
we have the following identihcation: 

Y[{1- g R{T)i = A_i(iV/)i?(T) g R{T)j, 

a&I 

where the basis element ~ g /„ corresponds to A_i(fV/) g fy 

for V £ G^ for every / C A. Further, in the direct sum decomposition: 

Kgxg{X) = 0 A_i«)R(r) g R{T)i, 

ICA 
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the multiplication of two basis elements A_i(A^/) 0 /„ and 0 fyi, 

where w(resp. v') belongs to (resp. ) given in Cor l3.5l can be expressed 
as follows: 

(A_i(iV/) 0 U) ■ (A_i(iV)^) 0 U) = A_i(7V/n70 • A_i(7V,V) ® fv ■ U (3.4) 
Note that the right hand side of the above equality (3.4) belongs to 

A_i(7V/u^,) • RiT) ® i?(r)'^A\ou/o c 0 ■ R{T) ® i?(r)j, 

jc{iur) 

and further using (3.3) the right hand side of (3.4) can be rewritten as follows: 

(A_i(iV7n,.)A_i(iV(V)v)®<.')-(A-i(iVj)®/^). (3.5) 

JC(7U/') wGC-’ 


Recall that A_i(iV/) is not a zero divisor in KxiTad^) (see Lemma 4.2 of [25] 
and proof of Cor. 12.121) . Thus we see that each piece R{T)^R{T)j is isomorphic 
to A_i(A^j ) • R{T) (g) R{T)j for every / C A, as R{T) (g) i?(G)-submodules of 
RiT) (g R{T), where the isomorphism maps an element a g 6 G T,{T) g R{T)i 
to the element (A_i(iV/) ■ a) & X-i{N'/) ■ R{T) g R{T)i. 

Further, this additively extends to an isomorphism of R{T) g R{T)^- 
submodules of R{T) g R{T): 

0 R{T) g R{T)i -0A- i{N'/)R{T)(^R{T)i. 

ICA ICA 

Now by the definition of multiplication in 0 /ca ® have: 

(lg/„).(lg/„,):= ^ E (^-i(^/''n/0-A-i(Af(V)v)®<.')-(l®/J- 

JC(/U/') iuGC-' 

Thus it follows that under the above isomorphism (1 g /«) • (1 g /«') maps to 
E E (A-i(iV/n,OA-i(iV(V)\j) ® <v') • (A-i(iVj) g U) 

,7C(/u/') wec-^ 

which by (3.5) is equal to (A_i(A^/) g /„) • {X-i{Nj,) g /„/) in 
® 7 CA A-i(lV/)R(T) g R{T)i. Hence the theorem. □ 

Remark 3.9. Note that, since A_i(lV|^) = 1, under the isomorphism 

0 R{T)(E)R{T)i -0 A_i(Af/)R(r)gR(T)/ 

7CA 7CA 

defined in Theorem 13.81 the piece R{T) g R{G) = R{T) g R{T)(d maps iso- 
morphically onto itself. In particular, the subring generated by {X) in 

Kgxg{X), which is canonically identified with i?(T)g{l} on the right hand side 
of the above isomorphism, maps isomorphically onto i?(T)g{l} C R(T)^R{T)^ 
in the direct sum 0 /ca ® R{T)i. 
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Remark 3.10. Note that Theorem 13.81 gives an explicit description of the 
multiplicative structure constants in terms of the basis {1®/^, : v G , I C A} 
for Kgxg(X). This further enables us to directly apply this description for the 
multiplicative structure of ordinary iti-ring of X in the following section (see 
Theorem 13. 121 and Remark l3.13|) . 


3.1 Ordinary K-ring of the wonderful compactification 

Let X denote the wonderful compactihcation of Gad- We follow the notations 
of §3 (see Notation Ell- 

Further, since Kg{G/B) ~ R{T) and Kcipt) = R{G), the characteristic 
map R(T) K{G/B) induces an isomorphism R{T)/J ~ K{G/B) where J 
denotes the ideal generated by {/ — e(/)|/ G R{T)^}, where e : R{T) ^ Z is 
the augmentation map given by e(e^) = 1 for A £ A. 

Lemma 3.11. Let ip : R{T) K{G/B) denote the characteristic map, and 
fv = Vifv) for every v G W. Then f„ for v G W form a basis of R{T)/J = 
K{G/B) over Z. 

Proof: Recall from Notation 11.121 that {fvjvew form a basis for R{T) as 
i?(T)^-module. Since the characteristic map p : R{T) K(G/B) is surjective, 
{/„ : V G W} generate K{G/B) as Z-module. Further, we claim that {fy}vew 
are linearly independent over Z. This can be seen as follows: 

Suew ■ /« = 0 for some by G Z. Now, since p RiG) Z 

is surjective, by = p{ay) for some a„ £ R{G) V u £ W. Thus we see that 
• fv = 0 G J. Further, recall that J C R{G), and {/„ : v G W] 
are linear independent over R{G), where /i = 1 £ R{G). Thus it follows that 
oi = c and Oy — 0 for all u ^ 1. This further implies that by = 0 for every 
V G W. Hence the claim. □ 

Further, let 

KiG/B)j 0 Z[7„], 

vec^ 

Then we have: 

KiG/B) = 0 K{G/B)i. 

ICA 

In this section we denote the image in K{G/B) of e“ £ R{T) under the 
characteristic map by [La\- Further, we shall denote by the same symbol 
A_i(7V/) £ K{G/B), the image of X-iiNf) = nae/(l “ e"“) S R(r) for 
every IGA. (However, note that since A_i(iV/) £ J, its image in K{G/B) is 
always nilpotent.) Furthermore, we let £ Z denote the image under p 
of the element alf y, G R{G) = R(T)^ defined in (3.3). 
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Theorem 3.12. We have a canonical K[G/B)-module structure on K{X), in¬ 
duced from the R{T) 0 1-module structure on Kgxg{X) given in Theorem \3.6[ 
Moreover, K(X) is a free module of rank \W\ over K{G/B), K{G/B) being 
identified with the subring of K(X) generated by Pic{X). 

More explicitly, let 

7. := 1 ® 7„ e K{G/B) (g) K{GlB)i 
for V G G^ for every / C A. Then we have: 

K{X) 0 K{G/B) ■ 7 „. 

v<^W 

Further, the above isomorphism is a ring isomorphism, where 
cation of any two basis elements jy and 7 ^/ is defined as follows: 

7„ . 7„, ^ ^ (A-i(iVrn/') ' A-i(iV(V)\j) ■ <y 

jc(iur) wgc-’ 

Proof: By Theorem 13.81 we have the following direct sum decomposition of 
KaxG^X) as an R{T) g i?(G)-module: 

Kgxg{X) ~ 0 R{T)®R{T)i. 

ICA 

Now, using isomorphism (c) of §1.2 for G x G we get: 

K{X) ~ 0 K{G/B) g K{GlB)i. 

ICA 

Further, under the canonical restriction homomorphism Kgxg{X) K{X), 
the image of the subring generated by Pic^^^{X) in Kgxg{X), maps surjec¬ 
tively onto the subring generated by Pic{X) in K{X). Hence by Remark 13.91 it 
follows that under the above isomorphism, the subring generated by Pic{X) in 
K{X) maps isomorphically onto the piece K{G/B) g 1 C K{G/B) ^ K{G/B)^. 

Let 

7 . := 1 ® 7, e KiG/B) g K{GlB)i 

for V G G^ for every ICA. Then jy is the image of the element 1 ® fy G 
R{T) g R{T)j in K{G/B) g K{G/B)i under the characteristic map. 

Then identifying K{G/B) g 1 ~ K{G/B), we have: 

KiX)c^ ^K{G/B)-^y. (3.6) 

vCW 


the multipli- 


) ■ Iw- 
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Thus we see that K(X) is a free module of rank \W\ over K{G/B) with basis 
7 „ for V S W, K{G/B) being identihed with the subring of K{X) generated by 
Pic{X). 

Recall from Theorem l3.8l that the multiplication of two basis elements (l®/i,) 
and (1 (g) /„/) of Kcxg{X) ~ 0 /ca -^(^) ® is defined as: 


.7C(/U/') iuGC-' 

Thus their images, 7 ,, and 7 „/ in ®i(zaK[G/B) ® K{G/B)i, multiply as 
follows: 


1. E E (3.7) 

JC(/U7') 

Thus we conclude that the above isomorphism (3.6) is further a ring iso¬ 
morphism, where the multiplication of any two basis elements 7 „ and 7 ^' for 
V G , v' G G^ and 1,1' C A is defined as in (3.7). 

Hence the theorem. □ 

Remark 3.13. Note that in the direct sum decomposition of Kgxg{^) given 
in Theorem 12.121 each piece of the direct sum is canonically isomorphic to 
R{T) g i?(G')-submodules of R{T) g R{T) (see Theorem 13.81) . This enables us 
in the equivariant setup to describe the multiplication of the direct sum pieces, 
and hence the basis elements inside the subring R{T) g R{T) (see Cor. 13.51 and 
Theorem 13.81) . However, this cannot be done in ordinary RT-theory since the 
image of A_i(iV/) under the characteristic homomorphism becomes nilpotent in 
the ordinary K-ving. Hence the multiplication of the basis elements in ordinary 
RT-ring needs to be defined suitably by pushing down the multiplicative structure 
from the equivariant RT-ring. 

Concluding Remarks: 

1. Extending the results to arbitrary fields and higher K-theory : 

We believe that the results in this paper should hold over any algebraically 
closed field of arbitrary characteristic. It is also likely that many of the 
results hold in the setting of higher iC-theory. 

2. Geometric interpretation of the basis {fv}vGW '■ 

By Prop. I1.9l it follows that when v G , 

fv= E V’(fvx) 
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where fy and ip are as in Lemma rd.lll Further, by (1.5) we see that 
is the class of the line bundle in K{G/B) corresponding to the weight 

I] ^0- 

We are now trying to obtain a more comprehensive geometric interpreta¬ 
tion of the basis elements /„ and /„ (and of the Steinberg basis). Such an 
interpretation may be well known to experts but we were unable to find 
it in the literature. 

3. In a private communication we were informed by Prof. De Concini that E. 
Strickland has recently determined the structure of the cohomology ring 
of the wonderful compactification. 
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